arXiv:1506.00334v2 [math.DG] 12 Dec 2016 


REMARKS ON VOLUME GROWTH AND BERNSTEIN 
THEOREMS FOR TRANSLATING SOLITONS 


LI MA 

Abstract. In this paper, we study the properties of potential function of 
the translating soliton M in 7?"^^ and the volume growth of the inter¬ 
section of Euclidean balls with M. We give a condition to obtain the 
Bernstein theorem for the translating solitons. We also give an outline 
of a simple proof of the Bernstein theorem due to Bombieri-De Giorgi- 
Miranda. 
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1. Introduction 

In this notefwe study the Bernstein theorems for translating solitons. By 
definition, an n-dimensional hypersurfaee M" in the Euelidean spaee 
is ealled a translating soliton if it is a solution of mean eurvature flow Xt = 
H{X) = XmX (of hypersurfaees) in obtained by moving along the fixed 
direetion -a e S" <z Then the translating soliton equation under 

eonsideration is 

H =< v,a > 

where H is the mean eurvature of M,< . > is the inner produet in and 

V is the unit outward normal to M. Reeall that the mean eurvature veetor 
field of M in R"'^^ is H = -Hv and H = div(v) and Am is the Laplaeian 
operator on M in the indueed metrie. We always assume that M is properly 
immersed in R"^^ and is eomplete with respeet to the indueed metrie. It 
is well-known that the n-plane (with the veetor a 6 in it), the Grim 
Reaper T x R"~^ with T = {(x, y) 6 y = - log eos x,xG {-njl, njl)}, and 
the paraboloid soliton (also ealled ’’Bowl soliton”) obtained by Altsehuler- 
Wu [dl are translating solitons (see also [HrOll and [O for uniqueness result). 

We define the potential funetion S (V) =< X,a > for the position veetor 
X 6 M as in [[81. Below Am is the Laplaeian operator defined by indueed 
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Riemannian metric on M and VS is the gradient of the function S (X) on M. 
Then it is well-known that H = AmX. As in [0 we have 



and 


-AmS (X) = - < AmX, a >= H < v,a >= H^, in M. 

We denote by = Br{0) = {A 6 |A| < R} for 0 £ M. A difficult prob¬ 

lem in the study of the translating soliton is to control the volume growth of 
M f]BR. Define 



We remark that a related concept 72 has been introduced in L.Karp 0. 
Then we have the following extension of a result in [f8l . 

Theorem 1. Let M be a translating soliton in 

(1). There is an uniform positive constant C > 0 such that 



for all R > 0. 

(2) . Ify < 00 , then either mi mS = -00 or sup^5 = 00 . 

(3) . IfMis convex, then inf^^ = 0. 

(4) . If M have uniformly bounded second fundamental form, then we 
have infM^" = - 00 . 

We have the following consequence from Theorem[I](2),i.e., if vol{M H Bf) 
is of polynomial growth in R > 0 and inf^ 5 > -00 on the translating soli¬ 
ton M, we must have sup^ S = 00 . For a translating soliton defined by the 
graph of a smooth function on the plane we have a result below. 

Proposition 2. On a translating graphing soliton defined by the function 
Z = u(x) on some domain Q. c R" with \Du\ < C on M for some uniform 
constant C > 0, we have inf^ S = - 00 . In other word, if the graph defined 
by the function z = u(x) on Q c R" is a non-planar translating soliton 
with inf^ S > - 00 , then we have sup^ \Du\ = 00 , where Du = {Ux) and 
\Du\ = \ux\. 

Recall that in the graph case, we have v = {-Du, 1)/ + \Du\^ and 


H = -div( ^ — 1. 

Vi + W 


By standard computation we know that the unit normal vector field v on 
the hypersurface M c satisfies the equation 

A^v -I- |A|^v = VmH. 
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Sometimes we write by V = Sinee H =< v,a > on the translating 
soliton M and VmH = ^ejHej for the loeal orthonormal moving frame {ej} 
on M, we have for any nontrivial eonstant veetor b 6 

= V,jH(ej,b) = iVey,a)iej,b) = hij{ei,a){ej,b) = IIia^,b^) 

where II = {hij) := (< V,v, e, >) is the second fundamental form of M in 
the local frame (e,). Using this and the log-trick (see [O) we can get the 
following result for general solitons. 

Proposition 3. Assume that the two-dimensional soliton M has the finite 
total curvature, i.e., \A\^ < oo, where A is the second fundamental form 

of M. Assume that there is a nontrivial constant vector b 6 such 
that the function f defined by fiX) = (v, b) is non-negative on M, and 
II{a^, b^) = hifiet, a){ej, b) <0 on M. Then M is a hyperplane. 

After presenting a proof of Proposition [3l we outline a simpler proof 
of the famous Bernstein theorem due to Bombieri-De Giorgi-Miranda (Si . 
Their results states as below. 


Theorem 4 . If M is a minimal surface defined by the entire function u = 
u{x), where x e with the assumption is uniformly bounded on 

R" for some vector b' 6 R^, then u is linear, that is to say, M is plane. 


Concerning with the area growth about the graphic translating solitons, 
we have the following general fact, which is more or less well-known to 
experts. 

Theorem 5. Let M be an entire graphic surface defined by the function 
u = u(x), X 6 i?”. Assume that its mean curvature H is non-positive. Then 
we have vol(BRr)M) < CR" for some uniform constant C > 0. Furthermore, 
for such a graph being a translating soliton, we have either infM^ = -oo 
or sup^ 5 = oo. 


It is quite possible to extend our result here to the expanding soliton de¬ 
fined by 

H = - < v,X >, on M. 

In fact, we can follow the argument of Theorem 2.1 and Cor. 2.3 in M. Anderson 
Il2l to prove the following result. 


Proposition 6. Let M” R^ be a complete expanding soliton immersion. 
There exists a constant cq = coin, N) > 0 such that if 



Wdvg < eo, 


then M is an affine plane in R^. 
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Since the argument of Proposition!^ just goes as in the same way as in 
Cor. 2.3 [|3 via a use of well-known eompaetness result and an epsilon 
regularity for expanding solitons, we omit the full detail. This faet was 
observed by us with Dr.Anqiang Zhu. We expeet that with the assumption 
of finite total eurvature, i.e., \A\’'dVg < oo, the strueture of the expanding 
soliton {M,g) should be as good as minimal immersions. 

2. ARGUMENTS OF PROPOSITIONS AND THEOREMS [U AND [5] 

We may assume 0 e M. 

Proof of Theorem [7] 

(1). We argue by eontradietion. That is, there exists a positive number 
sequenee with 7?,- ^ oo sueh that j \ ^ OforR = Rj ^ oo. 

Let (f>R{X) be a eut-off funetion defined on Br{0) and (Pr{X) = 1 on 
Br/2(0). Then we have 

r H^< (f>R<VS{X),VMX)> 



'Jbri2 n 

whieh is bounded by 



as ^ oo. Then H = 0 and < y, a >= 0 on M. This implies that |V5 (X)| = 
1 on M, whieh is impossible by the result in [|8]|. 

(2). We may use Theorem 2.3 in [|7||. Note that the geodesie ball of radius 
R at eenter 0 is always eontained in Br(0) H M, our eondition implies the 
eondition y 2 < y < oo in there. Here 72 is defined in p.450 in [|71. Note that 


-AmS =H^ = 1 -|V5|2 


We let w = e^^. Then we have A^w = w. Assume that infMiS' > - 00 . Then 
sup^w < 00 . Then by Theorem 2.3 in Q, we have inf^w = inf^ A^w < 
0. Remember that inf^w > 0. Then inf^w = 0, whieh is equivalent to 

sup^5 = 00 . 

(3) . Let u{x) = -S{x) on M. Then Amu = and |Vm| < 1 in M. By 
the eonvexity of the hypersurfaee M in , we know that RicM > 0 on M. 
Henee we ean apply Cor. 2.2.2 in [|71 to eonelude that inf^ = infM(AM) < 
0 . 

(4) . Assume now that J := inf^S > - 00 . Then sup^w = exp{-d). 
By our assumption, we know that the Rieei eurvature of M is uniformly 
bounded below so that the Omori-Yau maximum prineiple holds true on M. 
That is there is a point sequenee {xf) in M sueh that 


1 


1 


w{Xj) exp(-d), |Vw(Ay)| < -, and AMw(Xj) < -, 
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as j oo. By the equation A^w = w we know that > lS.Mw{Xj) = 
w{Xj) exp(-d) > 0, whieh is impossible. □ 

We remark that the proof of Proposition 1(4) ean also be used to prove the 
eonelusion |[8| that if the two dimensional translating soliton is confor¬ 
mal to the plane, then inf^ 5" = -oo- In faet, from -ls.M{exp{-d)-w) = w > 
on M, we know that exp(-d) - w > 0 is a positive superharmonie funetion 
on R^. By the Liouville theorem we know that w is a eonstant funetion so 
that 5 is a eonstant funetion on M, whieh is impossible. 

Proof of Proposition^ We argue by eontradietion, i.e., infMi' > -oo. 
We may assume that ^ 0 somewhere in M. For otherwise, it follows 
from the well-known Bernstein theorem |[5l that M is a hyperlane and then 
infM^" = -oo. As we have assumed, M is a graph defined the funetion 
z = u{x) on the domain Q <z R". Reeall that 


Amw = w, in M, 


where w = exp{-S). Sinee VoKBr M) = yjl + \Du\^ < CR\ We 
remark that by Proposition [T| (2), we know sup^5 = oo. Let c = inf^^ 
and B = e~‘^ = sup^ w. Let B{R) be the geodesie ball of radius R with 
eenter 0. Let ffR) = w. Then f'{R) = Note that Vw = -wVS. 

Integrating the equation A^w = w over B(R) we obtain 

fiR)= f Aw = - 
Jb(R) 

whieh implies that for any R > Rq > 0, 


f 


< Vw, d/dR >< 


f 

JdB(R) 


w = f'(R), 


(1) f(R)>f(Ro)exp(R-Ro). 


However, by our assumption, 

f{R) < Bvol{B{R)) < Bvol(M ^ Br) < CBR\ 

This gives a eontradietion to O when R large. 

□ 

Proof of Proposition 12 By the strong maximum prineiple we may as¬ 
sume (v, (?) > 0 on M. Sinee M has the finite total eurvature, we have the 
quadratie area growth, whieh is well-known to experts and may be due to 
many people, see the works of Cohn-Vossen, M.Anderson, and B.White [0 
[|5l . Reeall that 

A^v -I- |Apv = VH, on M. 


Note that 


< VH,b>= II < a^,b^ > . 
By II{a^, b^) < 0, we get the differential inequality 

Am(v,Z 7)-I-|Ap(v, Z?) < 0, on M. 
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By this (see (Si for detail) we ean get the stability eondition 

r iAiv< r ivm^p 

Jm Jm 

for any 77 6 Cq(M). Then using the log-triek [[5]| we ean get that |A| = 0, 
whieh implies that M is a plane. □ 

We now point out that we ean use the idea above to give a simple proof 
of the Bernstein theorem due to Bombieri-De Giorgi-Miranda [|3l, whieh 
says that if M is a minimal surfaee defined by the entire funetion u = u(x) 
,x e R" with is uniformly bounded on M for some veetor b' 6 i?”, 

then u is linear, that is to say, M is plane. 

Here is an outline of the simpler proof. Reeall the formula for the 
smooth funetions f,h>0onM, and for A = A^, 

/ 

h 

Write by V = (vi, ...,y„+i), where v,- = — ,2j^_ fgj. ; _ _ 

-\ll+\Duf 

I ^ Let f(X) = (b, v) where b = {b',bn+i) 6 is a fixed veetor and 

y i+|r)t/p 

let h = v„+i = ^ where v = -yjl + \Du\'^. Then we have 

A(//h) = (V(/// 7 ),Vlogv 2 ). 


Then we have 

div m{v~^V{ b', Du)) = 0, 


whieh ean be written as 


divuV 


{b', Duf + 1 
1 + 


Vg] = o 


for g = arctg{b',Du). Assume that is bounded by some eonstant 

on M, we then ean do the Moser iteration dH to eonelude the Harnaek in¬ 
equality for g and henee g is eonstant, whieh in turn implies that \Du\ is 
bounded. We then eonelude by Moser theorem that u is linear. 

Theorem |5] ean be proved by using the formula 

Du 

H = -div( ^ — f < 0. 

Vi + w 

Note that for any c e R, u + c has same mean eurvature as u. With loss of 
generality we may assume that m(0) = 0 and we ean using the truneation 
funetion -l- R > 0 by the truneation proeess that u does not when \u\ < R, 













REMARKS ON BERNSTEIN THEOREMS 


7 


Ur = -R for u < -R, and u = R for > R. Multiplying both sides of the mean 
eurvature formula 


( 2 ) 


H = -div( ^ — 1 < 0 

^/YT\D^ 


by the non-negative funetion ur + R and integrating part over D := Dr = 
{x 6 i?"; \x\ < R}, we have 



whieh implies that 



Jd 

Applying Proposition [U (2) we eonelude that either inf^^ = -oo or 
sup^ S = oo. This eompletes the proof of Theorem [51 
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